Oscillatory instability and fluid patterns in low-Prandtl-number
  Rayleigh-B\'{e}nard convection with uniform rotation by Pharasi, Hirdesh K. & Kumar, Krishna
Oscillatory instability and fluid patterns in low-Prandtl-number Rayleigh-Be´nard
convection with uniform rotation
Hirdesh K. Pharasi1 and Krishna Kumar1
Department of Physics and Meteorology, Indian Institute of Technology,
Kharagpur-721 302, India
(Dated: 1 September 2018)
We present the results of direct numerical simulations of flow patterns in a low-
Prandtl-number (Pr = 0.1) fluid above the onset of oscillatory convection in a
Rayleigh-Be´nard system rotating uniformly about a vertical axis. Simulations were
carried out in a periodic box with thermally conducting and stress-free top and bot-
tom surfaces. We considered a rectangular box (Lx×Ly×1) and a wide range of Taylor
numbers (750 ≤ Ta ≤ 5000) for the purpose. The horizontal aspect ratio η = Ly/Lx
of the box was varied from 0.5 to 10. The primary instability appeared in the form
of two-dimensional standing waves for shorter boxes (0.5 ≤ η < 1 and 1 < η < 2).
The flow patterns observed in boxes with η = 1 and η = 2 were different from those
with η < 1 and 1 < η < 2. We observed a competition between two sets of mutually
perpendicular rolls at the primary instability in a square cell (η = 1) for Ta < 2700,
but observed a set of parallel rolls in the form of standing waves for Ta ≥ 2700. The
three-dimensional convection was quasiperiodic or chaotic for 750 ≤ Ta < 2700, and
then bifurcated into a two-dimensional periodic flow for Ta ≥ 2700. The convective
structures consisted of the appearance and disappearance of straight rolls, rhombic
patterns, and wavy rolls inclined at an angle φ = pi
2
− arctan (η−1) with the straight
rolls.
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I. INTRODUCTION
Rayleigh-Be´nard system rotating uniformly about a vertical axis1–9 is an interesting prob-
lem for studying pattern-forming instabilities and bifurcations,10–25 chaos,26,27 and turbu-
lence28 in addition to its potential applications in rotating cryogenics.31 The rotation about
a vertical axis introduces Coriolis force as well as centrifugal force32 in the flow. Rubio,
Lopez & Marques27 showed interesting effects of the centrifugal force even for small values
(∼ 10−2) of the Froude number Fr, which is a ratio of the centrifugal force to the force
of buoyancy. The Coriolis force is known to break the mirror symmetry of the convective
flow patterns2,6 even at small rotation rates. Chandrasekhar3 analyzed the effects of Coriolis
force on the onset of convection in a Rayleigh-Be´nard system. The linear theory of Chan-
drasekhar predicted the onset of Rayleigh-Be´nard convection (RBC) through a stationary
instability for fluids with Prandtl number Pr > 0.667 for all rotation rates. The selection of
patterns is, however, a purely nonlinear phenomenon, and cannot be determined by a linear
theory. The non-linear analysis of the problem by Ku¨ppers and Lortz10 (KL) showed that
(i) a set of parallel rolls was the steady state solution at the instability onset for the dimen-
sionless rotation rates (Ω) below a critical value Ω?(Pr), and (ii) the convection was always
unsteady at the instability onset for Ω ≥ Ω?. This led to interesting pattern dynamics. A
set of parallel rolls was found to be replaced by another set of parallel rolls oriented at an
angle of about 60◦ with the old rolls12–14,25 for Ω ≥ Ω?. The change in orientation of rolls
was because of noise. The linear theory of Chandrasekhar also predicted the possibility of
oscillatory convection at the onset for Pr < 0.677 at dimensionless rotation rates above a
critical value Ωc(Pr). For a fluid with Pr = 0.63, the critical value Tac of the Taylor number
Ta = 4Ω2 is equal to 2.58 × 105. However, the oscillatory convection may appear at small
or moderate rotation rates for low-Prandtl-number fluids. The previous investigations on
instabilities and bifurcations above the onset of oscillatory Rayleigh-Be´nard convection in
fluids rotating uniformly about a vertical axis6,7,15–18 were done in small simulation boxes.
Low-Prandtl-number convection33–38 is relevant for geophysical39 and astrophysical40
problems. The estimated value of Pr for Earth’s molten core36 is approximately equal to
0.1. The molten outer core and the inner solid core are separated by a transition zone,
which itself is in liquid state. The other transition zone between the molten core and the
lower mantle is also highly viscous and deformable. The transition zones on the two sides of
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Earth’s molten core have discontinuities, and they keep drifting non-uniformly. The bound-
ary conditions for the velocity and the temperature fields are complex on these bounding
surfaces. The boundaries of the “convective zone” in stars (Pr ≈ 10−8) are also complex.
The numerical simulations to investigate the phenomenon of thermal convection in Earth’s
molten core, or in the convective zones of a star, are usually done either with no-slip or
free-slip (stress-free) boundary conditions on the velocity field. The no-slip conditions are
appropriate where the bounding surfaces are rigid and stationary. The predictions of the
simulations with no-slip boundary conditions have the advantage of being verified in con-
trolled laboratory experiments. However, the stress-free boundary conditions may be a more
useful approximation on a boundary between two liquids with a large difference in their
viscosities. Goldstein and Graham41 achieved almost stress-free boundaries in experiments.
The famous KL instability10 was predicted and understood for the first time by considering
stress-free boundary conditions. In addition, the idealized boundary conditions are useful
in developing simple models to investigate details of bifurcations qualitatively. Both types
of boundary conditions are useful for better understanding of the natural convection in
geophysical and astrophysical problems in the absence of exact boundary conditions.
We present, in this article, the results of our investigations of the role of Coriolis force on
the convective instabilities near the onset of Rayleigh-Be´nard convection (RBC) in a low-
Prandtl-number fluid rotating uniformly about a vertical axis. We have considered Pr = 0.1,
which is relevant for Earth’s molten core. The onset of convection is then oscillatory3 at
relatively smaller rotation rates. Our aim is to investigate the effects of the Coriolis force on
the onset of RBC when the conduction state becomes unstable via an oscillatory instability.
We have carried out direct numerical simulations (DNS) of three-dimensional flows in a
box with thermally conducting and stress-free top and bottom surfaces for the purpose.
The stress-free boundary conditions also allowed us to investigate the effects of Coriolis
force on the instabilities and bifurcations35,38 observed in low-Prandtl-number fluids without
rotation. Simulations were done in a box of size Lx × Ly × 1 for a wide range of Taylor
numbers (750 ≤ Ta ≤ 5000). The ratio η = Ly/Lx of the horizontal dimensions Ly and
Lx of the simulation box was varied in a range of η (0.5 ≤ η ≤ 10). This enabled us to
investigate the nonlinear interactions between two sets of rolls of different wavelengths and
at different orientations. The simulations done show the appearance of convection in the
form of two-dimensional standing waves in smaller boxes (0.5 ≤ η < 1 and 1 < η < 2).
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We observe fluid patterns, which vary quasiperiodically in time, at the instability onset
in simulation boxes with η = 1 and η = 2. We observe three-dimensional (3D) patterns
just above the onset of convection for 750 ≤ Ta ≤ 1114 in a simulation box with square
cross-section (η = 1). These patterns describe a nonlinear superposition of two sets of
mutually perpendicular rolls. The two largest Fourier modes W101 and W011 show amplitude
modulation with time. The amplitude and the frequency of modulation of both the modes
are found to be equal. In a small window of Taylor numbers (1115 ≤ Ta < 1125), the
primary instability displays temporally chaotic behavior. The chaotic flow becomes once
again quasiperiodic at Ta = 1125. However, the amplitude and the frequency of modulation
of both the modes W101 and W011 are unequal in this case. The resulting patterns are
cross-rolls varying quasiperiodically in time. The amplitude of W011 decreases with further
increase in Ta. A bifurcation from three-dimensional quasiperiodic flow to two-dimensional
(2D) periodic convection occurs at the primary instability for Ta = 2700. The 2D oscillatory
rolls continue to exist until Ta = 5000. We also present a low-dimensional model constructed
for a square simulation box. In a box with rectangular cross-section (η = 2), we observe the
appearance of convection as 3D waves varying quasiperiodically in time for all values of Ta
considered here. Three-dimensional (3D) temporally chaotic convection is observed at the
instability onset in longer boxes (2 < η ≤ 10). The convective patterns at the onset show
a chaotic competition between two sets of rolls oriented at an angle φ = pi
2
− arctan (η−1),
as observed in KL instability. However, the sequence of convective patterns during KL type
instability consist of rolls, rhombic patterns, and oblique wavy rolls just above the primary
instability.
II. HYDRODYNAMICAL SYSTEM
We consider a thin layer of a Boussinesq fluid of mean density ρ◦, thermal expansion
coefficient α, kinematic viscosity ν and thermal diffusivity κ confined between two conduct-
ing horizontal surfaces separated by a distance d. The whole system is supposed to be
rotating uniformly about a vertical axis with uniform rotation rate Ω0. The bottom surface
is uniformly heated, while the top surface is uniformly cooled. An adverse temperature
gradient β = ∆T/d is imposed across the fluid layer by maintaining a temperature differ-
ence ∆T across it. We have considered convection near the onset in a low-Prandtl-number
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(Pr = 0.1) fluid with the Boussinesq parameter δ = αβd ∼ 10−2 for dimensionless rotation
rate 27 < Ω < 36. The ratio of Coriolis force and the force of buoyancy is
√
Ta/Ra ∼ 10−2,
while the ratio of centrifugal force and Coriolis force is ΩPrδΓ/2 ∼ 10−2 for all values of Ta
considered here. All the simulations have been done in boxes of aspect ratio Γ = Ly/d be-
tween 2.6 and 11.2. The Froude number Fr = δPrTaΓ/4Ra therefore varies from 3.5×10−4
to 3.5 × 10−3. The effects of centrifugal force are therefore ignored here. We have consid-
ered the state of steady conduction as the basic state in a rotating frame of reference. We
have not considered the situation where the basic state has a mean flow. The dimensionless
hydrodynamic equations, which govern the convective flow in a Boussinesq fluid, are then
given by,
∂tv + (v · ∇)v = −∇p+∇2v +Raθzˆ +
√
Ta(v×zˆ), (1)
Pr[∂tθ + (v·∇)θ] = ∇2θ + v3, (2)
∇·v = 0, (3)
where v(x, y, z, t) = (v1, v2, v3) is the velocity field, and the unit vector zˆ is directed vertically
upward. The deviations in the pressure and temperature fields from their values in the
basic state of stationary conduction are denoted as p(x, y, z, t) and θ(x, y, z, t) respectively.
Lengths, time, velocity and temperature fields are measured in units of the fluid thickness
d, the viscous diffusion time d2/ν, ν/d and βdν/κ respectively. Dimensionless numbers are:
Prandtl number Pr = ν/κ, Rayleigh number Ra = gαβd4/νκ and Taylor number Ta =
4Ω20d
4/ν2 = 4Ω2, where g is the gravitational acceleration. The boundary conditions at
thermally conducting and stress-free bounding surfaces located at z = 0, 1 are:
∂zv1 = ∂zv2 = v3 = θ = 0 at z = 0, 1. (4)
All fields are considered to be periodic in horizontal plane. The use of periodic boundary
conditions is very popular to simulate flows in an extended layer of fluid. It captures the flow
structure nicely away from the lateral walls. The periodic boundary conditions (PBC) allow
a high resolution simulation in a box. The simulation of a flow in a large container without
PBC may require prohibitive grids to resolve the flow structure. The use of PBC is the
most appropriate with pseudo spectral method used here, as it facilitates the computation
of terms like ∇2θ, ∇2v exactly in numerical sense.
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The nature of thermal convection at the primary instability3 depends upon the values of
the Taylor number Ta and Prandtl number Pr. The critical Rayleigh number Rac(Ta) and
the corresponding wavenumber kc(Ta) for stationary convection are:
Rac(Ta) =
1
k2c
[
(pi2 + k2c )
3 + pi2Ta
]
, kc(Ta) = pi
√
a+ + a− − 1/2,
with a± =
1
4
12 + Tapi4 ±
[(
1
2
+
Ta
pi4
)2
− 1
4
] 1
2


1
3
. (5)
The critical Rayleigh number R◦(Ta, Pr) and the corresponding wavenumber k◦(Ta, Pr) for
the oscillatory convection are:
Ra◦(Ta, Pr) = 2
(
1 + Pr
k2◦
)[
(pi2 + k2o)
3 +
pi2TaPr2
(1 + Pr)2
]
, k◦(Ta, Pr) = pi
√
b+ + b− − 1/2,
with b± =
1
4
12 + Pr2(1 + Pr)2 Tapi4 ±
[(
1
2
+
Pr2
(1 + Pr)2
Ta
pi4
)2
− 1
4
] 1
2


1
3
. (6)
The angular frequency ω◦(Ta, Pr) of the oscillatory convection is given by the expression:
ω◦(Ta, Pr) =
[
pi2Ta
(pi2 + k2◦)
(
1− Pr
1 + Pr
)
− (pi2 + k2◦)2] 12 . (7)
It is always real, and Ra◦(Ta, Pr) < Rac(Ta) in a fluid with Pr = 0.1, if Ta > Ta∗ = 728.
The conduction state therefore loses stability via oscillatory instability, if Ta > 728 in a
fluid with Pr = 0.1.
III. NUMERICAL SIMULATIONS
The velocity, temperature, and pressure fields are expanded as:
v1(x, y, z, t) =
∑
l,m,n
Ulmn(t)e
i(lkxx+mkyy) cos (npiz), (8)
v2(x, y, z, t) =
∑
l,m,n
Vlmn(t)e
i(lkxx+mkyy) cos (npiz), (9)
v3(x, y, z, t) =
∑
l,m,n
Wlmn(t)e
i(lkxx+mkyy) sin (npiz), (10)
θ(x, y, z, t) =
∑
l,m,n
Θlmn(t)e
i(lkxx+mkyy) sin (npiz), (11)
p(x, y, z, t) =
∑
l,m,n
Plmn(t)e
i(lkxx+mkyy) cos (npiz), (12)
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where Ulmn(t), Vlmn(t), Wlmn(t), Θlmn(t), and Plmn(t) are the Fourier amplitudes in the
expansion of the fields v1, v2, v3, θ, and p respectively. k = kxxˆ + kyyˆ is the horizontal
wave vector of the perturbations. The integers l,m, n can take values consistent with the
continuity equation (Eq. 3). This leads to the condition:
lkxUlmn +mkyVlmn + npiWlmn = 0.. (13)
We allow all the modes, which are compatible with Eq. 13, in our simulation. Perturba-
tions with the critical wavenumber k◦(Ta, Pr) for the oscillatory convection are the most
dangerous ones, as soon as Ra is raised above its critical value Ra◦(Ta, Pr). In addition,
perturbations with long wavelengths are always present in larger containers. We therefore
set kx = k◦, and treat ky = q as a parameter. Simulations are done in a rectangular box of
size Lx × Ly × 1, where Lx = 2pi/k◦ and Ly = 2pi/q. The ratio η = Ly/Lx = k◦/q is varied
in a wide range (0.5 ≤ η ≤ 10) for each value of Ta. Varying the parameter η allows us to
investigate the nonlinear interactions of perturbations of different wavelengths with 2D rolls.
We numerically integrate the hydrodynamic system (Eqs. 1-3) with the boundary conditions
(Eq. 4) using pseudo-spectral method.42 The code is validated for low-Prandtl-number RBC
with and without rotation. The limit of zero-Prandtl-number RBC35 without rotation was
investigated in detail by Pal et al.37 after validating the code with the results of Thual35
for stress-free boundary conditions. The turbulent flow in low-Prandtl-number RBC with
uniform rotation was studied using the code by Pharasi et al.30 after reproducing the results
of King et al.29 for Pr = 1. We have used three spatial grids (643, 64× 128× 64 and 1283)
for our simulations. A standard fourth order Runge-Kutta (RK4) scheme with step size
δt = 0.0005 was used for time advancement. Simulations for different values of Ta were
carried out with small random initial conditions and were continued until a steady state was
reached. The Fourier modes U00n and V00n, which are responsible for the mean horizontal
flow, are not generated in the simulations for all the values of Ta considered here. The con-
vective flow was assumed to be steady, if the temporal behavior of the box averaged kinetic
energy E = 1
2
< v21 + v
2
2 + v
2
3 > and the Nusselt number Nu = 1 + Pr
2 < v3θ > showed
steady behavior for a period more than three hundred viscous diffusion time d2/ν. The
power spectra of the Fourier modes W101 and W011 also confirmed the flow in a steady state.
The symbol <> stands for the average over the simulation box. The final values of all fields
in a steady state, in a given run, were also used as initial conditions for the next run when the
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TABLE I. Convective patterns for Pr = 0.1 just above the primary instability (r = RaRa◦(Ta,Pr) =
1.005) in different simulation boxes. Two-dimensional (2D) and three-dimensional (3D) stand-
ing waves (SW), quasiperiodic cross-rolls (QPCR), and Ku¨ppers-Lortz (KL) type patterns were
observed in DNS.
η = Ly/Lx Ta = 750 Ta = 1100 Ta = 1130 Ta = 2700
1/2 2D SW 2D SW 2D SW 2D SW
4/7 2D SW 2D SW 2D SW 2D SW
4/5 2D SW 2D SW 2D SW 2D SW
1 QPCR QPCR QPCR 2D SW
6/5 2D SW 2D SW 2D SW 2D SW
3/2 2D SW 2D SW 2D SW 2D SW
4/3 2D SW 2D SW 2D SW 2D SW
2 QPCR QPCR QPCR QPCR
4 KL-type KL-type KL-type KL-type
10 KL-type KL-type KL-type KL-type
reduced Rayleigh number r = Ra/Ra◦(Ta, Pr) was raised in small steps (0.005 ≤ ∆r ≤ 0.1)
for a fixed value of Ta. The simulations showing temporally quasiperiodic states were first
done on 643 grids for more than three hundred viscous diffusion time. Then the final values
of all the fields were used as initial conditions on 1283 grids for more than one hundred
dimensionless time unit. Similar spatial grids were used for longer simulation boxes.
IV. RESULTS AND DISCUSSIONS
The convective patterns, computed from DNS, just 0.5% above the onset of convection
are listed in Table I. For shorter periodic boxes (0.5 ≤ η < 1 and 1 < η < 2), we observe the
onset of convection in the form of two-dimensional (2D) standing waves (SW). The convective
patterns consist of a set of straight rolls. The locations of up-flow and down-flow alternate
periodically. The patterns computed by DNS in small simulation boxes are in agreement with
earlier predictions16,18 near the onset of oscillatory RBC with rotation. Dawes18 called the
time-periodic 2D rolls as standing rolls. The boxes with smaller cross-section in horizontal
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plane do not allow two sets of rolls simultaneously. However, we observe interesting behavior
in square (η = 1) and rectangular (η = 2) boxes. The convection appears in the form of a
quasiperiodic competition between two sets of mutually perpendicular sets of rolls. We label
them as quasiperiodic cross-rolls (QPCR). Similar patterns are also known as quasiperiodic
standing waves16 or quasiperiodic standing cross-rolls18 in literature. We also observe a
chaotic competition between two sets of wavy rolls oriented with each other at an angle
near the primary instability in larger simulation boxes (4 ≤ η ≤ 10) for all values of Ta
considered here. Rhombic patterns, which are due to the nonlinear superposition of the two
sets of wavy rolls, are observed during the change in orientation of the rolls. We label them
as KL-type patterns.
FIG. 1. The evolution of convective patterns with time in a square box (η = 1)– Contour plots of
the temperature field computed from direct numerical simulation (DNS) at the mid-plane (z = 0.5)
for Ta = 750, Pr = 0.1 and r = Ra/Rao = 1.005 at different instants of dimensionless time t [(a)-
–(i)]. It shows different phases of a time dependent competition of mutually perpendicular sets of
rolls.
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FIG. 2. (Color online) Properties of the two largest Fourier modes W101 and W011 for the patterns
(r = 1.005, Ta = 750, η = 1) shown in Fig. 1: (a) the variation of the Fourier modes W101 [blue
(black) curves] and W011 [pink (gray) curves] with time, (b) the same as in (a) but for a shorter
time interval, (c) the power spectral density (PSD) of the modes W101 [blue (black) curves] and
W011 [pink (gray) curves], and (d) the projection of the phase space on the W101 −W011 plane.
A. Patterns in a square box (η = Ly/Lx = 1)
We now present the results computed from DNS in a box with square (η = 1) cross-
section, and discuss them. The contour plots of the temperature field for Pr = 0.1 at
different instants of time are displayed in Fig. 1. It shows different patterns due to time
dependent competition between two sets of mutually perpendicular rolls. We observe square
patterns whenever the amplitudes of two sets of rolls become equal. The patterns appear as
cross rolls for most of the time. The positions of up-flow and down-flow alternate in time.
The temporal variations of the two largest Fourier modes W101 and W011 for the patterns
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shown in Fig. 1 are displayed in the first row of Fig. 2 (Ta = 750 and r = 1.005). The
amplitudes and frequencies of modulation of both the modes W101 and W011 are equal, but
they are out of phase [Fig. 2(a)]. The faster time variation of these two modes are compared
in Fig. 2 (b). The phase difference between the two modes varies slowly with time. The
power spectra [Fig. 2 (c)] of the Fourier modes W101 [blue (black) curve] and W011 [pink
(gray) curve] look similar. The peaks in the power spectra appear at exactly the same
frequencies, although their heights are different. The power spectra [see the inset of Fig. 2
(c)] show the two largest peaks at frequencies f (1) and f (2) (< f (1)), which differ slightly.
The difference between the two frequencies ∆f = (f (1)− f (2)) is the frequency of amplitude
modulation. There are many smaller peaks in the spectra at frequencies f (1) ± j∆f and
f (2)±j∆f , where j is a positive integer. Other frequencies are the higher harmonics of these
frequencies. The projection of the phase space on the W101 −W011 plane is shown in Fig. 2
(d) after a long time. The region of the phase space gets continuously filled as time passes.
The trajectories in the actual (1283 dimensional) phase space never return to any point.
The behavior observed in Fig. 2 (b) -(d) clearly shows that the convective patterns vary
quasiperiodically in time. We label the patterns as quasiperiodically oscillating cross-rolls
(QPCR). These patterns are consistent with the results of Rihai,15 who ruled out any time-
periodic three dimensional convection in square box. Similar patterns were also predicted
by Dawes18 in a low-Prandtl-number fluid (0.15 < Pr < 0.2) for much higher values of
the Taylor number (Ta > 3 × 105). We observe these patterns at the onset of convection
for 0.07 < Pr < 0.2 at much smaller rotation rates. Similar patterns are also observed in
numerical simulations23 with no-slip boundary conditions.
As Ta is raised, the temporal variation of these modes becomes more complex, but the
convection remains quasiperiodic at the instability onset. The amplitude and the frequency
of modulation of the Fourier modes W101 and W011 remain similar and out of phase for 750 ≤
Ta ≤ 1114. The period of amplitude modulation increases with Ta for 750 ≤ Ta ≤ 1114.
The first column of Fig. 3 shows properties of the two largest Fourier modes just above the
onset (r = 1.005) for Ta = 1100. The Fourier modes become chaotic (not shown here) in
a small window of Ta (1115 ≤ Ta < 1125). These modes become temporally quasiperiodic
once again for 1125 ≤ Ta < 2700. The first two rows of the second column of Fig. 3
display the temporal variations of the two largest modes for Ta = 1130 and r = 1.005. The
amplitudes of modulation of the modes W101 and W011 become different. The largest and
11
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FIG. 3. (Color online) Bifurcations at the instability onset (r = 1.005) in a square box (η = 1)
with the variation of Taylor number Ta. The plots in the first, second and third columns are for
Ta = 1100, Ta = 1130 and Ta = 2700 respectively. The temporal variation of the Fourier modes
W101 [blue (black) curves] is given in the first row for three different values of Ta, while the same
is given for the Fourier mode W011 [pink (gray) curves] in the second row. The third row shows
the power spectral density for the modes W101 [blue (black) curves] and W011 [pink (gray) curves]
for three different values of Ta.
the second largest peaks in the power spectra of these two modes appear at slightly different
frequencies. However, the modulation frequency for both the modes remains the same. The
third column of Fig. 3 describes the convection near onset for Ta = 2700. The Fourier
mode W011 vanishes and the power spectra of the Fourier mode W101 shows the peak at a
single frequency. This signifies a bifurcation from a three-dimensional (3D) quasiperiodic
convection to a two-dimensional (2D) periodic convection. The state of 2D standing waves
at the primary instability continues to exist until Ta = 5000.
The variation of the maximum of convective heat flux (Nu− 1) and box averaged kinetic
energy E with Ta near the instability onset (r = 1.005) in a square box (η = 1) are shown
12
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FIG. 4. The effect of rotation on the convective heat flux and the kinetic energy just above the
primary instability (r = 1.005) for Pr = 0.1 and η = 1: The variation of the maximum of (a) the
Nusselt number Nu − 1 and (b) the box averaged kinetic energy E with the Taylor number Ta.
Both E and Nu show a bifurcation at Ta = 1114± 0.5.
for Pr = 0.1 in Fig. 4. The heat flux due to convection Nu− 1 remains small, as expected
at smaller values of the Prandtl number Pr [see, Fig. 4 (a)]. It increases initially with Ta,
and reaches a peak at Ta = 1114. It then decreases slightly with increasing Ta, and again
starts increasing monotonically with Ta. The variation of the maximum of kinetic energy
E with Ta [Fig. 4 (b)] shows exactly the same behavior. The peaks at Ta = 1114 in the
plots of both Nu− 1 and E with Ta indicate a bifurcation.
The largest and the second largest peaks in the power spectrum of Fourier mode W101
(see, the third row of Fig. 3) are located at frequencies f
(1)
101 and f
(2)
101, respectively. The
two frequencies differ only slightly. Similarly, the power spectrum of the Fourier mode W011
shows the largest and the second largest peaks at frequencies f
(1)
011 and f
(2)
011, respectively.
The details of the bifurcation may be understood by studying the effects of rotation on
these frequencies. The variations of f
(1)
101 [blue (black) curve] and f
(1)
011 [pink (gray) curve]
with Ta are shown in Fig. 5 (a) near the primary instability (r = 1.005) in a square box
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FIG. 5. (Color online) Bifurcations near the primary instability (r = 1.005) for Pr = 0.1 and η = 1:
(a) The variation of frequencies f
(1)
101 [blue (black) curve] and f
(1)
011 [pink (gray) curve] corresponding
to the largest peak in the power spectra of the Fourier modes W101 and W011 with Ta, respectively.
(b) The variation of frequencies f
(2)
101 [blue (black) curve] and f
(2)
011 [pink (gray) curve] corresponding
to the second largest peak in the power spectra of the Fourier modes W101 and W011, respectively,
with Ta. (c) The variation of the largest value of the modes W011 [pink (gray) curve] and W101 [blue
(black) curve] with Ta. The maxima of the modes W011 and W101 are identical until Ta = 1114.
The maximum of W011 differs from the maximum of W101 for 1125 ≤ Ta < 2700. (d) The variation
of ∆f101 = f
(1)
101 − f (2)101 [blue (black) curve] and ∆f011 = f (1)011 − f (2)011 [pink (gray) curve] with Ta.
∆f101 and ∆f011 are always identical until Ta = 2700. f
(1)
101 keeps increasing with Ta, but f
(1)
011,
f
(2)
101 and f
(2)
011 do not exist for Ta ≥ 2700. The symbols ‘4’ and ‘◦’ are data points computed from
DNS for modes W101 and W011, respectively.
(η = 1). Both the frequencies for two modes remain exactly the same till Ta ≤ 1114, and
become slightly different at Ta ≥ 1115 [see the inset of Fig. 5 (a)]. The maxima of the
Nusselt number and the kinetic energy also showed peaks exactly at Ta = 1114 (Fig. 4).
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This behavior continues till Ta < 2700. Only the frequency f
(1)
101 exists for Ta ≥ 2700, which
then increases monotonically with Ta. Figure 5 (b) shows the variation of frequencies f
(2)
101
and f
(2)
011 with Ta. They also remain initially equal, and then become unequal at Ta ≥ 1115.
Both the frequencies for two modes exist only for Ta < 2700. Figure 5 (c) displays the
variations of the maxima of modes W101 [blue (black) curve] and W011 [pink (gray) curve]
with Ta. The maxima of modes W101 and W011 remain exactly the same until Ta ≤ 1114.
They show a peak at Ta = 1114 and become unequal for Ta ≥ 1115. The maximum of W101
first decreases slightly, and then starts increasing once again with Ta, while the maximum
of W011 decreases monotonically with increasing Ta. The mode W011 vanishes at Ta = 2700.
The mode W101 keeps increasing monotonically with Ta, as Ta is raised further. Figure 5(d)
shows the variation of the modulation frequency ∆f101 = f
(1)
101 − f (2)101 of the mode W101 and
the modulation frequency ∆f011 = f
(1)
011 − f (2)011 of the mode W011, respectively, with Ta.
The modulation frequencies of both mode remain exactly the same, and siege to exist for
Ta ≥ 2700.
The patterns show a series of bifurcations. We observe a quasiperiodic competition
between two sets of mutually perpendicular rolls (QPCR) of equal maximum intensity at the
primary instability for 750 ≤ Ta ≤ 1114. A bifurcation occurs at Ta = 1114.5±0.5, and the
flow becomes chaotic. The convection is chaotic in a narrow range of Ta (1115 ≤ Ta < 1125).
Another type of convective flow appears for 1125 ≤ Ta < 2700. It now shows a quasiperiodic
competition between two set of mutually perpendicular rolls of unequal maximum intensity
(|W101| 6= |W011|). A bifurcation from a three-dimensional quasiperiodic convection (QPCR)
to 2D periodic convection occurs at Ta = 2700. The convection shows 2D standing waves
instead of 3D quasiperiodic cross-rolls at the primary instability for Ta ≥ 2700. It is
interesting to note that the variation of the maximum of Nu−1 and E shows only signature
of a bifurcation at Ta = 1114, when the flow becomes chaotic.
Figure 6 shows the temporal variations [blue (black) curve] of the spatially averaged
values of v21 , v
2
2 , v
2
3 and the kinetic energy E = (v
2
1 + v
2
2 + v
2
3)/2 for Ta = 1100. For any
time dependent flow in a forced dissipative system like rotating RBC, the amount of energy
injected in the system is not equal to the energy dissipated at every instant of time. However,
the time averaged values of these quantities over a suitable period remain constant. Note the
time averaged value of the kinetic energy E¯ is a finite positive constant, and therefore the
same for dE
dt
is equal to zero. As dE
dt
fluctuates in time, the energy E(t) also varies from its
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FIG. 6. (Color online) Temporal variation of the box averaged quantities [in blue (black) color]
just above the onset of convection (r = 1.005, Pr = 0.1) for η = 1. The left column displays the
variation of (a) v21, (b) v
2
2, (c) v
2
3 and (d) the kinetic energy E =
1
2(v
2
1 + v
2
2 + v
2
3) with time for
Ta = 1100. The right column shows the variation of (e) v21, (f) v
2
2, (g) v
2
3 and (h) E with time for
Ta = 1130.
average value. The energy E and the convective heat flux (Nu−1) vary quasiperiodically in
time in this case. The period of amplitude modulations of v21 [Fig. 6(a)] and v
2
2 [Fig. 6(b)] is
equal to twice the period of amplitude modulation for v23 [Fig. 6(c)] for Ta = 1100. Although
the period of amplitude modulations for v21 and v
2
2 is the same, they are out of phase. The
period of amplitude modulation for E and Nu (not shown here) is similar to that of v23.
The second column of Fig. 6 displays similar plots for Ta = 1130. The period of amplitude
modulation is the same for all the quantities v21, v
2
2, v
2
3, and E in this case. The amplitude
modulations for v21 and v
2
2 are again out of phase.
Figure 7 displays the temporal variation of (a) v21, (b) v
2
2, (c) v
2
3, (d) v
2
1 +v
2
2, (e) E and (f)
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FIG. 7. (Color online) Temporal variation of the boxed averaged values of (a) v21, (b) v
2
2, (c) v
2
3,
(d) v21 +v
2
2, (e) E = (v
2
1 +v
2
2 +v
2
3)/2, and (f) convective thermal flux (Nu−1) in blue (black) color
just above the primary instability (r = 1.005) for Ta = 3000, Pr = 0.1 and η = 1.
Nu−1 for Ta = 3000. All the fields become periodic. Notice that all the velocity components
v1, v2 and v3 are nonzero. A bifurcation from 3D quasiperiodic convection to 2D periodic
convection is displayed in Fig. 8. The upper and middle rows [see Fig. 8(a)–(f)] show the
contour plots of the temperature field for six different instants of time for Ta = 2500, while
the lower row [Fig. 8(g)–(i)] displays the convective patterns at different instants of time for
Ta = 3000. This shows a bifurcation from 3D convection to 2D convection, which occurs at
Ta = 2700. A set of parallel rolls in the presence of Coriolis force always has all the three
velocity components nonzero. This can be easily seen from the expressions for the vertical
velocity v3 and vertical vorticity ω3 (= zˆ ·ω = zˆ · ∇× v) for a set of straight rolls parallel
to the y axis. Considering only the critical modes, the fields v3 and ω3 may be written as:
v3(x, z, t) = W101(t) cos (kcx) sin (piz), ω3(x, z, t) = ζ101(t) cos (kcx) cos (piz). (14)
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FIG. 8. Transition from three-dimensional (3D) convection to two-dimensional (2D) convection
(Pr = 0.1) near onset (r = 1.005) in a square box (η = 1) as the Taylor number Ta is varied.
Mid-plane temperature contour plots at different instants [(a)–(f)] of 3D quasiperiodic patterns
for Ta = 2500 display a competition between two sets of mutually perpendicular rolls. Different
phases [(g)–(i)] of a 2D standing wave for Ta = 3000 are shown in the last row.
The horizontal velocities v1 and v2 may be obtained using the following relations:
∇2Hv1 = −∂xzv3 − ∂yω3, ∇2Hv2 = −∂yzv3 + ∂xω3. (15)
The expressions for the horizontal velocities v1 and v2 are given by,
v1(x, z, t) = −(pi/kc)W101(t) sin (kcx) cos (piz),
v2(x, z, t) = (1/kc)ζ101(t) sin (kcx) cos (piz). (16)
This clearly shows that all the velocity components are nonzero, if the vertical vorticity is
nonzero. In fact, it is the velocity v2 that breaks the mirror symmetry of the steady 2D rolls
parallel to the y axis.
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FIG. 9. (Color online) Temporal variation of the Fourier modes W101, W021, the convective heat
flux Nu−1, and the average kinetic energy E with dimensionless time for Taylor number Ta = 750,
Pr = 0.1, and η = 2. The blue (black) curves in the first column [(a)–(d)], the second column
[(e)–(h)], and the third column [(i)–(l)] are for the reduced Rayleigh number r = 1.005, 1.018 and
1.035, respectively.
B. Patterns in a rectangular box (η ≥ 2)
We now present the results of our simulations in a rectangular box (η = Ly/Lx ≥ 2). We
begin with the results of DNS for η = 2. The temporal variations of the two largest Fourier
modes W101 and W021, the convective heat flux (Nu − 1), and the kinetic energy E near
the instability onset are displayed for Ta = 750 and Pr = 0.1 in Fig. 9. The convection is
temporally quasiperiodic at the onset (see the first column of Fig. 9 for r = 1.005). The
amplitude modulations of the Fourier modes W101 [Fig. 9 (a)] and W021 [Fig. 9 (b)] are out of
phase. However, the convective heat flux (Nu− 1) [Fig. 9 (c)] across the fluid layer and the
kinetic energy E [Fig. 9 (d)] are in phase. The mid-plane contour plots of the temperature
field at the instability onset for the simulation box with η = 2 are displayed in Fig. 10.
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FIG. 10. The contour plots of the temperature field near the onset (r = 1.005) of convection at
z = 0.5 computed from DNS for η = 2 and Ta = 750. The patterns are shown in a region four
times the size of the simulation box for clarity.
The convective patterns (Fig. 10) are quasiperiodically oscillating cross-rolls (QPCR), as
observed in a square box (Fig. 1). The period of amplitude modulation decreases with
increase in r [see Fig. 9(e) - (h)]. As r is raised to a value just 3% above the threshold for
oscillatory convection, the flow becomes chaotic in time (see the third column of Fig. 9).
The chaotic behavior was also predicted by Dawes18 at the onset for much higher values of
Ta (≥ 9 × 104) in a fluid with Pr = 0.1. We observe the chaotic flow at a much smaller
value of Ta, and it occurs as a secondary instability.
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FIG. 11. Contour plots (a)–(d) for the temperature field in the mid-plane (z = 0.5) for four
different time instants for the horizontal aspect ratio η = 4, Ta = 750 and r = 1.005.
We observe an interesting change in the fluid pattern dynamics at the instability onset
for η = 4 (see Fig. 11). Two sets of rolls inclined at an angle of φ = pi/2 − arctan (ky/kx)
compete with each other. The patterns vary in time chaotically. We observe a gradual
transition from one set of wavy rolls oriented along the x axis to another set of rolls oriented
at an angle of approximately 76◦ with the x axis. We observe rhombic patterns during the
transition. Figure 12 gives the details of the two largest Fourier modes W041 and W111 for
patterns shown in Fig. 11. The temporal variation of both the modes [see, Fig. 12(a), (b)]
shows chaotic behavior. The time average of both the modes is zero. The phase between
the maximum or minimum of these two modes varies with time. The power spectra of W041
[blue (black) curve] and W111 [purple (gray) curve] are shown in Fig. 12 (c). The details of
the first largest peak [see the inset of Fig. 12(c)] show a narrow band of frequencies instead
of a few discrete ones. The largest peak in the power spectra for both the modes W041 and
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FIG. 12. (Color online) Details of Fourier modes W041 [blue (black) curve] and W111 [purple (gray)
curve] at the instability onset (r = 1.005) for η = 4 and Ta = 750. The temporal variation of (a)
W041 and (b) W111 show chaotic nature of the signal. The power spectra of these two modes are
shown in (c), and phase portrait in the plane W041 −W111 is displayed in (d).
W111 appear at slightly different frequencies. The temporal evolution of any trajectory in
the W041 −W111 plane shows a chaotic behavior.
The convective patterns shown in Fig. 11 have similarity with Ku¨ppers-Lortz instability,10
where the change in orientation of rolls are determined by noise. The change in orientation
of rolls occur here due to the presence of the wavy modes (e.g., W111) in a longer container.
The waves along the roll axis are easily excited in low-Prandtl-number fluids. The longer
box size allows the distortion of fields easily even at slow rotation rates. The nonlinear
interactions of these perturbations with the critical modes lead to the excitation of more
than two independent frequencies. This causes temporally chaotic patterns at the onset
of convection. The oblique wavy rolls appear as soon as the mode W041 vanishes, but
the value of W111 remains relatively large. The wavy rolls are oriented along the x axis
when the mode W111 is vanishingly small. We observe rhombic patterns when both the
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modes are nonzero. The angle between the two sets of wavy rolls is fixed, and is equal to
φ = pi
2
− arctan (η−1), although the dynamics is chaotic. The convective patterns observed
at the primary instability are similar in other larger containers (4 ≤ η ≤ 10).
V. A LOW-DIMENSIONAL MODEL FOR SQUARE BOX
We now construct a low-dimensional model for the Rayleigh-Be´nard convection with
rotation in a square box (η = 1). We first recast the hydrodynamic equations in a convenient
form for this purpose. We operate by curl twice on Eq. 1 and use the equation of continuity
(Eq. 3). The equations for the vertical velocity v3 and the vertical vorticity ω3 are then
given by,
∂t(∇2v3) = ∇4v3 +Ra∇2Hθ −
√
Ta∂zω3 − zˆ·[∇×{(ω·∇)v − (v · ∇)ω)}], (17)
∂tω3 = ∇2ω3 +
√
Ta∂zv3 + [(ω · ∇)v3 − (v · ∇)ω3]. (18)
The equation (Eq. 2) of temperature field remains unchanged. The spatial dependence of
all the fields is expanded in terms of Fourier series with appropriate horizontal and vertical
boundary conditions. The Fourier modes found to carry higher energy in the direct numerical
simulations (DNS) are retained for the construction of the low-dimensional model. The
vertical velocity v3, the vertical vorticity ω3 and the temperature θ fields are expressed as:
v3(x, y, z, t) = [W101(t) cos kx+W011(t) cos ky] sinpiz +W112(t) cos kx cos ky sin 2piz, (19)
ω3(x, y, z, t) = [Z101(t) cos kx+ Z011(t) cos ky] cospiz + Z110(t) cos kx cos ky
+ Z112(t) cos kx cos ky cos 2piz + Z200(t) cos 2kx+ Z020(t) cos 2ky
+ Z130(t) sin kx sin 3ky + Z310(t) sin 3kx sin ky, (20)
θ3(x, y, z, t) = [θ101(t) cos kx+ θ011(t) cos ky] sinpiz + θ112(t) cos kx cos ky sin 2piz
+ θ002(t) sin 2piz. (21)
Projecting the hydrodynamical equations (Eqs. 17-18) and the equation for the tempera-
ture field (Eq. 2) onto these modes, we arrive at a set of fifteen ordinary nonlinear differential
equations. Fourier modes W112, Z112, Z130, Z310, θ112, θ002, which decay linearly much faster
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than the other modes, are then adiabatically eliminated. This leads to a nine-mode model
given by:
X˙1 =
1
α
[
Rak2Y1 − α2X1 − pi
2
GZ2 − pi
√
TaZ1
− pi
4
(αX2 − piβ
√
TaZ2)
(
γX1X2 + δZ1Z2 + piPrRak
2(X1Y2 +X2Y1)
4pi2Ta− 2Rak2 + χ+ 2pi2√Ta(S1 + S2)
)]
, (22)
X˙2 =
1
α
[
Rak2Y2 − α2X2 − pi
2
GZ1 − pi
√
TaZ2
− pi
4
(αX1 − piβ
√
TaZ1)
(
γX1X2 + δZ1Z2 + piPrRak
2(X1Y2 +X2Y1)
4pi2Ta− 2Rak2 + χ+ 2pi2√Ta(S1 + S2)
)]
, (23)
Y˙1 =
1
Pr
(X1 − αY1)− Pr
8
(X1Y1 +X2Y2)X1 − pi
2βPr
16
(X1Y2 +X2Y1)X2
− piβ
8
(
γX1X2 + δZ1Z2 + piPrRak
2(X1Y2 +X2Y1)
4pi2Ta− 2Rak2 + χ+ 2pi2√Ta(S1 + S2)
)
X2, (24)
Y˙2 =
1
Pr
(X2 − αY2)− Pr
8
(X1Y1 +X2Y2)X2 − pi
2βPr
16
(X1Y2 +X2Y1)X1
− piβ
8
(
γX1X2 + δZ1Z2 + piPrRak
2(X1Y2 +X2Y1)
4pi2Ta− 2Rak2 + χ+ 2pi2√Ta(S1 + S2)
)
X1, (25)
Z˙1 = pi
√
TaX1 − αZ1 − pi
2
X1S1
− pi
4
(Z2 + piβ
√
TaX2)
(
γX1X2 + δZ1Z2 + piPrRak
2(X1Y2 +X2Y1)
4pi2Ta− 2Rak2 + χ+ 2pi2√Ta(S1 + S2)
)
, (26)
Z˙2 = pi
√
TaX2 − αZ2 − pi
2
X2S2
− pi
4
(Z1 + piβ
√
TaX1)
(
γX1X2 + δZ1Z2 + piPrRak
2(X1Y2 +X2Y1)
4pi2Ta− 2Rak2 + χ+ 2pi2√Ta(S1 + S2)
)
, (27)
S˙1 = piX1Z1 − 4k2S1 − 1
200k2
G2S1
+
pi2β
2
√
Ta
(
γX1X2 + δZ1Z2 + piPrRak
2(X1Y2 +X2Y1)
4pi2Ta− 2Rak2 + χ+ 2pi2√Ta(S1 + S2)
)2
, (28)
S˙2 = piX2Z2 − 4k2S2 − 1
200k2
G2S2
+
pi2β
2
√
Ta
(
γX1X2 + δZ1Z2 + piPrRak
2(X1Y2 +X2Y1)
4pi2Ta− 2Rak2 + χ+ 2pi2√Ta(S1 + S2)
)2
, (29)
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FIG. 13. (Color online) Temporal variation of the Fourier modes W101 [blue (black) curve] and
W011 [pink (gray) curve] just above the onset (r = 1.005), as computed from the low-dimensional
model (η = 1): (a) W101 & (b) W011 for Ta = 750, (c) W101 & (d) W011 for Ta = 1290, (e) W101
& (f) W011 for Ta = 1320, and (g) W101 & (h) W011 for Ta = 3000.
G˙ = pi(X1Z2 +X2Z1)− 2k2G+ 3
800k2
G(S21 + S
2
2), (30)
where X1 = W101, X2 = W011, Y1 = θ101, Y2 = θ011, Z1 = Z101, Z2 = Z011, S1 = Z200,
S2 = Z020, G = Z110, α = (k
2 + pi2) , β = (k2 + 2pi2)−1, γ = 8pi5 + 4pik4 + 12pi3k2, δ =
(8pi3 + 4pik2), and χ = 64pi6 + 8k6 + 48pi2k4 + 96pi4k2.
Figure 13 shows the temporal variation of the leading modes at four different rotation
rates– Ta = 750, Ta = 1290, Ta = 1320, and Ta = 3000 obtained from the low-dimensional
model (Eqs. 22-30). The results computed from the model are in good agreement with those
obtained from DNS at the primary instability, and in qualitative agreement with those at
secondary and tertiary instabilities. At Ta = 750, both the modes W101 and W011 are found
to oscillate quasiperiodically just above the onset of oscillatory convection. This behavior
continues to exist until Ta = 1301. The primary instability is temporally chaotic in a small
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FIG. 14. (Color online) Comparison of the results obtained from DNS and the model for Pr = 0.1,
Ta = 750, and η = 1. The first column shows the temporal variation of Fourier modes W101 [blue
(black) curve] and W011 [pink (gray) curve] near the onset of convection (r = 1.005) computed
from (a) DNS and (b) the model. The second column displays (c) the values of W101 and W011
for stationary square pattern near the secondary instability (r = 1.025 in DNS and r = 1.15 in
the model) and (d) the temporal variation of W101 and W011 near tertiary instability (r = 1.306 in
DNS and r = 1.493 in the model).
range of the Taylor numbers 1301 < Ta < 1311. At Ta = 1311, a bifurcation occurs and
both the leading modes W101 and W011 show quasiperiodic temporal variation with different
modulation amplitudes and frequencies. The bifurcation from 3D quasiperiodic behavior
into 2D periodic behavior occurs at Ta = 3000. One of the roll-modes becomes zero and the
other oscillates with zero mean. The threshold values for these bifurcations obtained from
the model are slightly higher than those computed from DNS.
The results in a square box (η = 1) near the instability onset, computed from DNS as well
as from the low-dimensional-model, are compared in Fig. 14 for Pr = 0.1 and Ta = 750. The
amplitudes of the temporal modulation of the Fourier modes W101 [blue (black) curve] and
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W011 [pink (gray) curve] just above the onset of convection (r = 1.005) are shown in the first
column of Fig. 14. The modulation amplitudes (frequencies) of both the modes computed
from the model [Fig. 14 (b)] are within 8.5% (30%) of those obtained from DNS [Fig. 14
(a)]. DNS gives larger period of amplitude modulation than that found in the model. As Ra
is raised for a fixed value of Ta in DNS, the quasiperiodic competition between two sets of
rolls bifurcates into stationary square patterns at the secondary instability (r = 1.021). The
model also captures the stationary square patterns near the secondary instability. However,
the secondary bifurcation occurs at the higher value of r in the model. The values of the two
largest modes W101 and W011 obtained from the model are compared with those obtained
in DNS for r = 1.025. They are about 35% smaller than those obtained from DNS [Fig. 14
(c)]. The stationary square patterns (W101 = W011) bifurcate into oscillating square patterns
at r = 1.306, as r is raised further. We observe qualitatively similar behavior in the model.
The secondary and tertiary instabilities occur in the model at much higher values of r. The
low-dimensional model qualitatively captures the essential features of the pattern dynamics
near the onset of oscillatory convection in a slowly rotating Rayleigh-Be´nard system with
η = 1. The model becomes worse at higher rotation rates. The model and simulations
suggest that the amplitude equations need to consider the distortions of fields even at the
instability onset in low-Prandtl-number fluids in larger boxes and at higher rotation rates.
VI. CONCLUSIONS
We have investigated the effects of the Coriolis force on the convective patterns near onset
of oscillatory convection in a Rayleigh-Be´nard system (Pr = 0.1) with stress-free top and
bottom surfaces, and rotating uniformly about a vertical axis. We have considered several
values of the horizontal aspect ratio η. For shorter boxes (0.5 < η < 1 and 1 < η < 2), the
primary instability appears in the form of two-dimensional periodic standing waves for a
wide range of the Taylor number Ta. The locations of up-flow and down-flow keep alternat-
ing periodically. The convective patterns at the primary instability in small containers of
horizontal aspect ratios η = 1 and 2 are interesting. The patterns at the primary instability
in a square box (η = 1) depend on the value of Ta. The patterns may be due to a competi-
tion between two sets of rolls having identical modulation amplitudes for smaller values of
Ta, or due to a competition between two sets of rolls with unequal modulation amplitudes
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for relatively higher values of Ta, or two-dimensional periodic standing waves for further
higher values of Ta. The convective flow also shows stationary as well as oscillatory square
patterns for η = 1, if the Rayleigh number Ra is raised keeping Ta fixed. The patterns at
the primary instability, in a rectangular box (η = 2), are due to quasiperiodic competition
between two sets of rolls in mutually perpendicular directions for a wide range of Ta. The
primary instability is always found to be chaotic in rectangular boxes with 4 ≤ η ≤ 10. The
patterns are due to a competition between two sets of rolls oriented at some angle in the
horizontal plane. These patterns have similarity with the pattern dynamics observed due to
KL instability. However, the patterns near the onset of oscillatory convection appear due to
a dynamical chaos rather than the noise as in the KL instability. The chaotic competition
between a set of straight rolls and another set of oblique wavy rolls is initiated due to the
excitation of the wavy modes in low-Prandtl-number fluids. Rhombic patterns are observed
during the change in orientation of the rolls. The angle φ between the two sets of chaotically
competing rolls is given by φ = pi/2− arctan (ky/kx).
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